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The algebra of physical (dimension-carrying) quantities is axiomatized in
a scheme called a @ algebra. Systems of units (gauges) are readily described
in this algebra, and the set of transformation of units (the gauge group) is
discussed. The notion of the (gauge) invariance group of a function on the
@ algebra is described, and all functions having a given invariance group
are canonically deduced in what is here called the ®@ theorem. The scheme
is applied to classical mechanics in order to understand better in what
sense mass, length, and time are “irreducible” physical quantities. The
latter two are found to be so, but the former is not. Other theories,
relativity and quantum mechanics, are also briefly discussed and are shown
to reduce this fundamental set of units even further.

1. INTRODUCTION

One of the first things one learns to handle in elementary physics is
dimensional analysis. We are taught that all physical quantities are referred
to certain basic “units” of mass, length, time, charge, etc., and that in any
relational equation among physical quantities all terms must have the same
“dimensions” relative to these units. Subsequently we use these ideas not
only as a check on the possible validity of such relations but also as a tech-
nique both for establishing relations and for estimating the orders of
magnitude of physical quantities in a given physical situation.

Although every physical quantity has an associated unit which may be
determined by one or another convention, some units appear to be more
fundamental than others. Indeed it soon becomes apparent that units may
in general be referred to units of mass, length, and time; for example, the
unit of charge (the e.s.u.) may be defined as that charge which produces
an acceleration of 1 cm sec™2 on an equal charge carried by a particle of
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mass 1 g placed at a distance of 1 cm. In this analysis charge obtains the
dimensions M2 1L%2 T-1, One might well ask, however, whether such a
reduction is always possible. For there seems nothing in principle that would
prevent physical quantities from possessing attributes that could not be so
reduced. What in fact, if anything, is so magical about this number 3?

The present discussion will be principally restricted to the classical
mechanics of point particles. There the problem is to find the motions of
n particles as the solution of certain second-order differential equations. As
the solution of the problem is to find the positions (in units of length) of
the particles as functions of time, it is not surprising to find length and
time as two irreducible physical units. Strictly speaking these will turn out
to be the only two. There are practical circumstances that make it a useful
convention to regard mass as irreducible too, but the existence of a
“universal” law (gravity) provides a natural way of reducing the unit of mass
to those of space and time.

The terms used in the above discussion (““units,” “dimensions,” “reduc-
tion”) are unfortunately a little vague, and it is a major aim of this paper
to express them in more precise axiomatic terms. The scheme presented
here is by no means unique and mirrors in many ways the axiom schemes
of other authors (Kurth, 1972; Whitney, 1968; Drobot, 1953; Brand, 1957;
Krantz et al., 1971), but it has the advantage of relative simplicity and of
focusing attention on the group theoretical aspect of gauge (scale)
transformation.

In Section 2 we formulate the algebra of physical quantities as a
mathematical structure which we call a ® algebra. Gauges and gauge trans-
formations are defined in Section 3 as the natural dual concept, and the
notion of the gauge group is introduced. In Sections 4 and 5 we prove a
classic theorem, here called the @ theorem,! giving the general structure of
@ functions with a given invariance group. The concept of the power exten-
sion of a ® algebra is introduced in Section 6, and natural procedures for
reducing and increasing the dimension of the invariance group are discussed
in the context of this extension. The next two sections concern the special
case of Newtonian particle mechanics, and the validity of our opening remarks
is discussed within the formalized setup. Finally there is some discussion of
nonclassical mechanics (relativity and quantum mechanics), and what the
existence of other fundamental units might mean for physics.

2. ® ALGEBRAS

Physical quantities will be assumed capable of certain operations, in
particular that they may be multiplied by real numbers (i.e., scaled and
1 The “classic” theorem of which this is essentially a restatement is the famous

Buckingham = theorem (Buckingham, 1914; Bridgeman, 1922). The new setting
given here has led to the slight renaming.
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multiplied by each other to form physical quantities of new types (e.g.,
momentum = mass x velocity). These operations may be summed up in
the axioms of an algebraic structure which we shall call a @ algebra.

Definition. A © algebra is a set @ together with a binary operation
called multiplication (the product of p and g being as usual denoted pg)
such that

(1) @ contains the real numbers, denoted R.
(2) Ifa, be Rthen ab is the usual product in the field of real numbers.
(3) Forall p,q,re ® we have

pq = qp
(pq)r = p(qr)
Ip=p

4 Ifgp = pandp # Op, theng = 1.

That is, ® is a commutative semigroup with identity having R as a
subsemigroup. Sometimes the operation of taking powers p* (a € R) is also
included as a basic operation (¢.g., Kurth, 1972), but there is an awkward
feature in taking powers of a negative number, which is in general no longer
a real number (or even unique).? Furthermore there is a sense in which such
an extended notion will emerge as natural (Section 6), so there is no need
to impose it at the outset.

3. GAUGES AND GAUGE TRANSFORMATIONS
Definition: A gauge on @ is a map X: ® — R such that

(i) X(@) =aforallaeR,
(i) X(pg) = X(p)X(g)forallp,ged,
(iiiy X(p) = O implies p = Op.

That is, X is a ® homomorphism of @ onto R (in algebraic terminology,
X is in the dual space of ®). A gauge X determines for each p # Op a unique
unit ux(p) € @ such that

p = X(pux(p)
Clearly

ux(pq) = ux(plux(q)  forallp,ge®
Furthermore, since it follows at once that
ux(ap) = ux(p) foralla # 0,ae R

2 An alternative approach is to include only positive real numbers in the definition of
a O algebra. This allows powers to be taken but has the later drawback that any
physical quantity and its negative have to be regarded as “dimensionally different.”
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it is clearly consistent to adopt as a definition

ux(0p) = ux(p)  forallp # Op

Then each gauge X associates a well-defined unit ux($) to the whole ray
¢ = Rp generated by p, such that

ux(¢) = ux(q) forallgeé
Evidently ux(R) = 1.
If X and Y are gauges on @, let «: ® — R be the function defined by
ux(p) = ae(pluy(p)  forallpe @

Gauge values transform in the reverse direction,

Y(p) = {p)X(p) forallpe @

The function « will be called a gauge transformation. It satisfies

«(pg) = efpla(g)  foralip,ge @
o(R) =1

so that « defines a function a(é) mapping rays of ® to R. Conversely, given
a function « satisfying the above two conditions then for any gauge X, ¥ =
aX is clearly also a gauge, so that « may be regarded as being a map of
Z(®), the set of all gauges on @, into itself.

The gauge transformations form an Abelian group under multiplication

of(p) = «Ap)B(p)

called the gauge group G(®) of .
We will in general only be concerned with “positive definite” gauge
transformations,

G (0) = {« e G(D); a(p) > 0 for all p e O}

G*(®) is a subgroup of G(®), called the proper gauge group. Any gauge X
splits @ into positive and negative halves

QX)) ={pe®; X(p) >0}, O (X)={ped;X(p)< 0O}
the splitting being invariant under the action of the proper gauge group, i.e.,
O(X) = O*(aX) if and only if « € G*(D)

4. ¢ FUNCTIONS AND INVARIANCE GROUPS
By a physical variable or ray in ® we shall mean a subset

¢ = Rp = {ap;ec R} for some p e ®
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Definition. A @ function is any function
Fidy X g X+ X ¢—>R

where ¢4, ¢,, ..., ¢, are physical variables (not necessarily distinct).
Let X be any gauge on ©. We define the representation of F in the gauge
X as the real function
Fy:RxRx---Xx R=R'—R
defined by
FX(xls LR xn) = F(xluX(¢1), RS xn”X(‘ﬁn))
That is,

F(le . ':pn) = FX(X(pl)a *y X(pn))

for any p,ed; (i =1,...,n). Under a gauge transformation Y = X it
follows at once that

Fox(og Xy, .. .y 00X,) = F(%y,. .., X,) 4.1
where «; = o(¢;).

We can also consider ¢q-valued ® functions,

Fiy x--- %X ¢ — ¢y

where ¢, is any physical variable in @, having representation Fx: R"— R
defined by

FX(xla DR} xn) = X(F(xluX(¢l)a LN} xnux(95n))
and transforming under gauge transformations by

Foy(oyXq, . . .y 0pXy) = aoFx(Xq, ..., Xp)

[eo = (o).

Example. If ¢ is any physical variable, we may define the function

+:1¢d X d—>¢
by
+(@,q) =p + 9= [X(p) + X(@)lux(¢)

for any p, g € ¢ and any gauge X. It is trivial to verify that this definition
is independent of the choice of gauge, and defines a natural (one-dimensional)
vector space structure on each ray. Its representation in any gauge X is
clearly

+ x(X1, X2) = X1 + X,

Addition of quantities from different rays cannot be performed in any such
(gauge-invariant) manner.
For the time being we will restrict ourselves to ordinary (R-valued)
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® functions. If F is any ® function, let G be the set of all 8 & G*(D) such
that

F(ﬁlpl:' ] Bnpn) = F(pl;- . '9pn)

for ail p, € ¢;,, where we have set 8; = B(¢;) > 0. In any gauge X we may
write this condition as

Fx(Bixy, - . -5 BuXy) = Fx(xy,. .., X,) (4.2)

for all x4,...,x,€R.
Gy is clearly a subgroup of G*(®), and using (4.1) and (4.2) it is a
straightforward matter to verify that for any pair of gauges X, Y

Fo(xy, ..., x;) = Fx(X1,...,%,)

for all xy,..., x, € R if and only if there is 8 € Gy such that ¥ = BX.

We call Gy the rotal invariance group of F. By its action on gauges it
splits Z(®), the set of all gauges on @, into equivalence classes (the orbits
of Gy), two gauges X and Y being equivalent if and only if the representations
of Fin X and Y are identical.

This group Gr is somewhat large, indeed it may be infinite dimensional.
However, since only its restriction to the @ subalgebra generated by
é1s . . -5 b, is really of any relevance, we may without serious loss of generality
fix attention to the set

Hp = {(B1, ..., Bu); By = B(4y) for some B & Gr}

Hj is clearly a multiplicative subgroup of (R*)", where R* is the multi-
plicative group of positive real numbers, which we shall call the invariance
group of F. Assuming F to be continuous (in the obvious sense that Fy is
continuous for any gauge X) it follows from (4.2) that H; is a closed sub-
group of (R¥)". It is therefore an Abelian Lie subgroup and its connected
component Hz is isomorphic to (R*)" for some r < n. We say r is the rank
of the @ function F. [It may of course transpire that Hj is a discrete group,
e.g.,letn = 1, Fxg(x) = sin In x. Then Fx(B8x) = Fx(x)if B = e*"*, n integral,
H7 consists of just the identity and the rank of Fis 0.]
If F has rank r, we may set

Bi =Bt - 1) (ta>0,4=1,...,7)
with
B 1, 1) =1

and
Bi(tla R tr)Bi(sla RS Sr) = Bi(tlsh ey trSr)

for all ¢,, s, € R*. Differentiating the last relation with respect to s, and
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setting s, = §, =---=§, = 1, gives
8 i
Bi(tlz ey tr)biA =1, %
where
_ PBi(s.)
ha="2 @3)

The equation for B;(¢,) easily integrates to give

B,‘_ = ﬁ tAb‘A (44)

Since the map (4, . . ., {,) — Hp is an isomorphism [i.e., an injective map of
(R*Y into (R*)"] it is clear from (4.3) that the n x r matrix b;, has rank r.

5. THE ¢ THEOREM
The following theorem gives the general structure of @ functions.
@ Theorem. Let F be any ® function of rank r, X any gauge on

®. Then the representation in X of the restriction of F to the positive
half @*(X) determined by X has the form

FX(xla--',xn)ZFX(yls-"syn—r) (xi > 0)
where

yp=Hx,-°iﬁ (p=1,...,—17r)
i=1

for some real coefficients ¢;, forming a matrix of rank n — r.
Conversely if Fy has this form for any gauge X then F has rank r.

Proof. Suppose F has the invariance group Hy of dimension ». Then
with the conventions of the previous section, we find, on substituting (4.4)
into the invariance condition (4.2) and differentiating with respect to 1, at
t, =---=t, = 1, that

< OFy _
Zl = Xiba = 0 G.1
Let B be the r-dimensional subspace of R" spanned by the (linearly

independent) vectors byq,..., b,. By Schmidt orthogonalization we may
find r vectors a;, spanning B such that

z Aiabiz = S4p 5.2)
i=1
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and n — r linearly independent vectors ¢;, (p = 1, ..., n — r) spanning the
orthogonal complement B* such that

Zn: ciyhia =0 (5.3)

Introduce a new set of variables y,, u, defined by

Inu, = > a,,In x;
4 Z 4 (5.4)

Iny, = > ¢,lnx

(the need to restrict attention to x; positive is clear at this stage if we wish to
continue with real variables). Since the # X n matrix whose columns are

@y oy Gipy Ci1y + + -5 Cin—yp 18 clearly nonsingular the variables u,, y, are
independent, whence

Fx  _ 5 OFx _ Z oFx OFx

ox, ' 4olnx o u, 4E < 9lny, Cio

and substitution in (5.1) gives, on using (5.2) and (5.3),

oFy
olnug

Hence
Fx = Fx(y1,.. ., Yo-r)

for some function Fy, as required.

The converse follows by essentially reversing the above steps. If Fy
has the form given in the statement of the theorem we may define b,,
(4 =1,...,r)byequation (5.3), and it is easy to verify that

Fx(Bix1, .. ., BuXn) = Fx(xy,..., X,)
for all B; given by
= H 04
A

Of course it is a straightforward matter to extend the theorem to
negative ranges of some or all of the arguments by performing an indefinite
(sign-changing) gauge transformation which makes all arguments positive,
applying the theorem and then transforming back to the original gauge.

6. POWER EXTENSIONS OF @ ALGEBRAS

Let @ be any @ algebra, X any gauge on @, ®*(X) the positive half
of @ determined by X. We define the power extension of @ relative to X,
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denoted ®(X), as the @ algebra generated from the set of all formal powers

{p*;pe@7(X),ac R}
subject to the rules?®

@ (p9) =prq°
(11) papb — pa+b
(i) ifae R*, b e R then a® € R* has the usual value e?* @
The original @ algebra appears naturally embedded in ® by adopting the

convention
p=p for all pe ®*(X)

It also follows at once from condition (4) in Section 2 that p° = 1 for all
pe®*(X).

The power extension is dependent on the choice of gauge X, but is
clearly invariant under the action of the proper gauge group,

d(x) = deXx) forall e e G+ (D)

We might also contemplate the power extension of ®, but this becomes
naturally identified with ® itself if we adopt the further convention

(p)® = p® for all p e ®*(X)

It then follows that this relation holds for all p ¢ ®*(X), and so ®(X) is
in a natural sense the maximal power extension of @ relative to X.

The gauge X may be extended in a natural way to a gauge on ® by
setting

X(p* = (X(p)*~ forallpe ®*(X),ae R

If all “positive” gauges Y = «X, «a € G*(D), are extended in the same way
then there is a natural sense in which we may identify the gauge groups
G*(®) and G*(®), all proper gauge transformations o« on ® also being
required to satisfy

a(p®) = («(p))* forallpe ®*(X),acR

The advantage of shifting attention to the power extension is that if
G is the total invariance group of any @ function F, then there exist physical
variables uq, . . ., u, € © such that for each f € Gy

880 = (I T ni)  G=1n>n)

A=1

3 In modern algebraic language we could define <i)(X ) as a suitable factor algebra of
the free ® algebra generated by all formal powers, but this technical refinement
hardly seems necessary here.
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(notation as in Section 4). The u, could be defined (though there is no such
unique specification) by
Ba = H $a

i

where the coefficients a;, are defined from equation (5.2). We may say that
each physical variable ¢; appearing in the argument of F is of “type”

H pglia
4

The original question of this paper may now be reformulated as follows.
Is the total invariance group of physics G,y such that every physical
variable appearing in the equations of physics is of type p®A°r°, where
w, A, 7 are three physical variables (called of course mass, length, and
time!)? In particular, is Hy,,, three dimensional ?

Before turning our attention to this question, we conclude this section
by discussing two procedures for altering the rank of a @ function.

(a) Reduction of the Rank of a ® Function. Let F be a ® function of
rank r (notation as in Sections 4 and 5), X any gauge. Define the positive
rays ¥, *, . . ., i, of B(X) by

¢D+=H¢i+cip [P:1:--':n_rn¢i+E¢in®+(X)]
A=1
and let
hotpyt X X byt =it

be the natural surjections

Py, - - o pa) =] | piw

where p; € ¢;7.
Then the ® theorem may be restated as saying that there exists a &
function

F:¢1X"'X¢n—r_>R (¢p=R‘pp+)
such that the restriction of F to ®*(X) is given by

F(pys s Pa) = Fapss - s Pads -+ s Bum(prs -5 P2))

To see this, set

F(qh RS ] qn—r) = FX(X(ql)’ ERE X(qn—r))> (qp € ¢'p+)

which is easily verified to be independent of the choice of gauge X, and
apply the ® theorem (Fy is here given from the ® theorem, but as it is
clearly also the representation of F in the gauge X the notation is quite
consistent). We may regard F as having been replaced by the ® function
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F depending only on »n — r variables. It clearly has rank 0, i.e., Hz is
zero-dimensional.

A similar argument may be used to show that if Hy is any r’-dimen-
sional subgroup of Hj then F may be reduced to a ® function F” dependent
on n — r’ variables and whose rank has been reduced to r — r'.

(b) Extension of the Rank of a ® Function. If F is a ® function of
rank r then its rank may be increased to »’ = r + m by the introduction of
m new variables to give a kind of reverse of the above procedure. For
suppose we wish to make F invariant under an extended group Gy =
Gp(dim Hy = r,dim Hy = ¢’ = r + m). A straightforward application of
linear algebra implies that there exist coefficients 4, (a = 1, ..., m) forming
a real matrix of rank m, such that all (8;, ..., B,) € Hy are given by

m
B; = I—[ sab’wﬁi (Sa. € R+: Bz € H;')
a=1

Let @ be the @ algebra generated by the addition of m new (independent)
physical variables y,, . . ., y, to @, and let ¢; be rays in &’ defined by

$i=¢] [vie
a

with natural surjections

kit X y1 X oo Xy =y
defined by

ki(]’g, 815+ gm) = P; ]__I gab’i“
a
Now we define the &' function

F'ipy X X ¢y X 93 X+ X yp—>R
by

F,(p;.)-- 'ap;l.agla' . 7gm) = F(pla” ’pm)
where

b= kz(p::» g1s 0 s gm)

This function has the natural relation to F that for any gauge X on @’

Fa:(x;_s-- ~,x;15y1,-"sym) = FX(xla' "y xm)

X; = _x:| | yab'm
a

where

In particular,
F‘;(xl,. vy Xny 1,. .y 1) = Fx(x]_,. . .y xn)

so that the representation of F’ in any gauge contracts to the representation
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of F in that gauge precisely for unit values of the new variables. The in-
variance group of F’ consists of (z + m)-tuples (81,. . ., Bntm) such that

FI(AS:P; Bn-)»aga) = F’(P;, ga)
ie.,

F(BTT Gorep) = F )
whence

Bi=B] [ Brra) e

Setting 8,.,, = 5, we have the invariance of F’ under Gz, and the rank of
F’ is ¥ + m. The new variables y, are often called “universal constants.”
This terminology may look a little peculiar in that the y, are variables
rather than constants, but the reason will emerge from specific examples
in Section 9. We shall call them universal parameters.

7. CLASSICAL MECHANICS

The assumptions made in setting up Newtonian mechanics for point
particles may be listed as follows:

(1) There is a physical variable 7 called time.

(2) There is a physical variable A called length.
These two assumptions are independent of the notion of a particle (taken
here to be a basic undefined concept) and merely reflect our faith in the
physicist’s ability to construct reliable chronometers and rods with which
to map out space and time.

(3) For every pair of particles 4 and B there is defined a map

FP'AB: T—>A

for any ¢t € 7, r5(2) is called the distance between A and B at time ¢.
{4) For every particle there is a map (its path)

r'7—=>A=AX AXA

r(t) = (x(t), y(2), z(¢)) being called the position of the particle at
time ¢, such that if r, and ry are the paths of 4 and B then
rapt) = {[xa(t) — x(O) + [ya@t) — ()P + [240t) — 2P}

The additions and subtractions in the latter expression are well defined by
the example in Section 4, while the taking of powers is well defined within
the power extension of the ® algebra spanned by A and 7. The path maps,
once postulated, are not uniquely determined by the requirement (4), but
all such maps are related through (time-dependent) translations and
rotations of axes.
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We also define the velocity and acceleration of any particle as the maps

I:r—Ar L f:r—Ar2
given by
i(2) = lim A e(t + h) — r()]
4]

her,h—>

Hr) = lim hHEC + B) — )]

provided of course that the respective limits exist.
So far only kinematics of point particles has been discussed. Dynamics
is introduced by the following assumption.
(5) For any set of n particles there exist m physical variables ¢, .. ., ¢,
(called internal parameters) and n functions

fiAXAX XA Xy X0 Xy —>Ar72
—_———
n times
called laws of force, such that there exist g, €, (a=1,...,m)
for which

@i (t),...,008),qy, ..., qy) = E(t) (all te 1)

41, - - > qn are called the values of the internal parameters for the
particles in question.

Our “laws of force” are actually “laws of acceleration” (i.e., force per
unit mass). We assume them to depend only on the positions of the particles,
but dependence on their velocities could easily be incorporated by including
n copies of A7~1 in the definition of f;. The various internal parameters are
here assumed to be a property of the system as a whole, but in most prac-
tical cases they split up into sets of parameters (such as charge, mass,
quadrupole moment, etc.) given n at a time and assigned to each particle
separately.

Now for any pair of values L, € A, Ty € = (choice of units of length
and time) let us set

in(Loa TO; | S PR I, qu R qm) = fi(rl’ sy Iy ql’ R qrn)I‘O—leIO2
Clearly f,, define @ functions
fior AX T X A" X by X+o- X ¢, >R

Their total invariance group G; is the set of gauge transformations 8 such
that

fio(sLy, tTo, 814, Baqa) = fio(Lo, T, 5 qo)

B =s, B =t and Bl)=4F

where
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or equivalently such that

fi(st;, Bugs) = st 2Hi(r;, q0) (7.1)

The latter equation shows that G, is purely determined by the original
functions f;, and is independent of the choice of L, and T,. It is the group
of gauge transformations preserving the functional form of the X repre-
sentation of the (A=~ 2-valued) @ functions f;,

fiX(Xla P T8 S TRRED ym) = X(fi(xqu(A)a J’aux(‘/‘a))

The invariance group H; is clearly isomorphic to the set of (m + 2)-
tuples

{(S> Z ﬁls AR Bm): B()\) =8, B(‘r) =1, ﬁ(¢a) = Ba: ﬁ € Gf}

Now there is no loss of generality in taking H; to have dimension less
than or equal to 2, for if its dimension were greater than 2 then the sub-
group H; obtained by setting s = ¢ = 1 (i.e., leaving the units of length and
time alone) would have dimension r’ > 1, and by the @ theorem as discussed
in Section 6 the @ functions f;, could be reduced to ® functions f;, depending
on a fewer number of internal parameters

£t AX 7 X A" X py X+ X p_p—> R
where

MU=H¢2GG (cr=1,.,,,m—r')

for some coefficients ¢,,. Clearly then the original functions f; could also
be reduced, and the original set of internal parameters #,. .., ¢, would
not be minimal for describing the system.

If the dimension of H; is 2 we have essentially accomplished the original
objective discussed in Section 1. For there must exist k,, /, such that

ﬁ . = s¥atla
and any gauge X determines a correspondence
gxida > Norls
defined by
gx(a) = X(ga)ux(Nee)ux(r'e)
satisfying
8sx = 8x

for all BeG;. That is, the correspondence is unchanged by any gauge
transformation that leaves the X representation of f; invariant. It is in
this sense that all physical quantities have been reduced to length and time.

If the dimension of Hj is less than 2, all physical quantities may be
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reduced to an even smaller set (possibly all scalars if the rank of f is 0).
In this case the theory would have incorporated in it a fundamental unit
of length or time or some combination of the two. However, one could
always raise the dimension of the group back to 2 by introducing a universal
parameter or two in the manner described in Section 6 to act as a further
internal parameter.

8. THE ROLE OF MASS

Consider now a typical example from classical mechanics, the case of
n charged massive particles subject both to Coulomb’s inverse square law
of electrostatic repulsion and to their mutual gravitational attraction (also
inverse square law). The internal parameters split into two sets ps, .. ., fy
and e, ..., ¢, (called the masses and charges, respectively), and the law of
force is

A" X gy X oo X py X € X0 X g —>A7"2

where

f(ry, . .., T, My, ..., My, €q,...,8,) = (m,- — )(r,- —r;
i

J#F

The invariance group is easily seen to be [from equation (7.1)]
BV =5, B =1t Blp) =572  Blg) = %72

Thus we may regard both mass and charge as having dimensions (length)?®
(time)~2. However, it is frequently desired to allow mass to scale inde-
pendently of length and time, increasing the dimension of the invariance
group to 3. The main reason for this appears to be one of practical con-
venience related to the magnitude of everyday laboratory quantities. Thus
if the centimeter and second are chosen as basic units of length and time,
then for the above form f; the unit of mass comes out to be 1.5 x 107 g
(being the mass that induces an acceleration of 1 cm/sec? on another mass
placed at a distance of 1 cm)—obviously a rather high value.

The common method of incorporating the new gauge freedom is to
follow the recipe of Section 6 and introduce a new universal parameter y,
setting

1

I_ - /___ —-1/2
M = [y € = €Yy !

and defining

FUA® X gy Xeoo X pun X €] XoooX €y X p—>Ar~2
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by

’

firy, ... v,my,...,m,é,...,e,G)
— ! 14 12 ! 2 ’
=fi(ry,...,r, Gmi, ..., Gm,, G2, ..., G'%,)

LV
€;e; -
= E (Gm{ - —%)(rj —rr;®

i#7 i

The invariance group of f; is of dimension 3, and we may set
By=s, PFy=t, B)=r PB)=r33"1 B(G)=r"1s%"2

for any B G, (r,s, 1 R*), giving the usual dimensional structure of
e; and G(MY2L*2T -1 and M ~*L3T -2, respectively).

Sometimes units are chosen such that charge scales independently, the
universal parameter chosen for this purpose being frequently denoted
(4me;) " and resulting in units of charge such as the Coulomb. Such re-
scalings can even be adopted for apparently dimensionless quantities such
as angle. An angle is defined as a ratio of lengths, but one being a radial
length while the other is an arc length there is no reason why one should
not permit oneself to use different scales along these two directions. If the
same scale is used we obtain the natural ynit “radian,” but if the unit of
arc length is chosen to be in the ratio #/180 to the unit of radial length
we obtain the “degree.” Again a universal parameter could be introduced
in all formulas to make them invariant under changes of angular measure,
but it is hardly common practice to adopt such a procedure.

9. CONCLUDING REMARKS

All the above discussion has been restricted to the Newtonian me-
chanics of point particles, but the argument could be extended to field
theories as well. A common procedure for this is to assume the existence of
particles which interact with the fields, and in this way to throw all the
dimensional arguments concerning the fields back onto those relating to
the particles. This is done, for example, in electromagnetism where the
electric field is defined by the acceleration it induces on a particle of unit
mass and charge. Another way is to abandon fields altogether and just talk
of direct action-at-a-distance between particles as is done in the Fokker—
Wheeler-Feynman approach (Fokker, 1929; Wheeler and Feynman, 1945,
1949).

Finally a word about non-Newtonian physics. Length and time are
fundamentally irreducible in Newtonian theory—no fundamental units for
these physical quantities appear in any natural way. The main contribution
of relativity is that through the Lorentz invariance of electromagnetism, the
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velocity of light emerges as a fundamental velocity. Thus the gauge* in-
variance group of Maxwell’s equations is reduced to dimension 1, and all
physical quantities may be expressed in dimensions of just one physical
quantity such as time [to see everything so expressed in terms of seconds,
see the appendix of Synge’s book (1960)]. Quantum theory goes even one
further; since the fundamental unit of action # provides a connection
between mass, length, and time, we see that all physical quantities can be
made dimensionless (i.e., adopt units such that G = A = ¢ = 1), the in-
variance group of physics being reduced to dimension 0.

Of course other fundamental quantities appear in physics, such as the
mass of the proton m, and the elementary electric charge e, providing the
“mysterious” values 7.685 x 1072° and 1/137.04 in the above units. Over
the years various attempts have been made to “explain” these numbers.
Notable among these is Dirac’s (1938) hypothesis of cosmological variation
of constants to explain the smallness of m,, Eddington’s (1946) fundamental
theory to explain these numbers in terms of phase space arguments, and
Wyler’s (1969, 1971) group theoretical arguments for the value of the fine-
structure constant. None of these, however, has met with anything like
general acceptance.

Let us conclude on a somewhat speculative note. All laboratory physical
measurements appear to reduce to the registration of some marker or pointer
on a position scale, and the rate of change of such markings measured
against the markings registered by some standard clock. Thus the reduction
of all physical quantities to a measurement of length and time is not on the
surface an unreasonable proposition. However, there is nothing in principle
to say that there are sensible physical quantities that cannot be so reduced.
The laws governing these quantities may provide more subtle physical
effects than the mere dynamics of physical objects, but may also give rise
to the more “static” effects, such as the value of the fine-structure constant,
whose explanations do not appear to fall within the scope of current physical
theory. It is therefore not inconceivable that we may have been hampered
so far in our attempts at reaching an acceptable theory of fundamental
constants by a mental attachment to reducing all physical quantities to
space and time measurements. The next major theoretical advance in physics
may well involve another reduction (similar to that incurred by relativity
and quantum theory) of all quantities, i.e., including these hitherto space-
time-irreducible ones, to dimensionless quantities.

ACKNOWLEDGMENT

The author would like to express his appreciation to the Mathematical Institute,
Oxford, where much of this work was done.

4 In the sense of scale, of course.



974 Szekeres

REFERENCES

Brand, L. (1957). Archive for Rational Mechanics and Analysis, 1, 35.

Bridgeman, P. W. (1922). Dimensional Analysis, Yale, New Haven.

Buckingham, E. (1914). Physical Review, 4, 345.

Dirac, P. A. M. (1938). Proceedings of the Royal Society, A165, 199.

Drobot, S. (1953). Studia Mathematica, 19, 84.

Eddington, A. S. (1946). Fundamental Theory, Cambridge U.P.

Fokker, A. D. (1929). Zeitschrift fiir Physik, 58, 386.

Krantz, D. H., Luce, R. D., Suppes, P., and Tversky, A. (1971). Foundations of Measure-
ment, Academic Press, New York.

Kurth, R. (1972). Dimensional Analysis and Group Theory in Astrophysics, Pergamon,
Braunschweig.

Synge, J. L. (1960). Relativity: The General Theory, North-Holland, Amsterdam.

Wheeler, J. A., and Feynman, R. P. (1945). Reviews of Modern Physics, 17, 157.

Wheeler, J. A., and Feynman, R. P. (1949). Reviews of Modern Physics, 21, 425.

Whitney, H. (1968). American Mathematical Monthly, 75, 15, 227.

Wyler, A. (1969). Comptes Rendus Hebdomadaires des Seances de I’ Academie des
Sciences, 269A, 743.

Wyler, A. (1971). Comptes Rendus Hebdomadaires des Seances de I’Academie des
Sciences, 27T1A, 186.



